The unique polynomial of degree n -\ assuming the values 3>i > J2y • ' • , y n at the abscissas xi, #2, • • • , x n , respectively, is given by the Lagrange interpolation formula • , n, ü) (Xk) (x -Xh) (fundamental polynomials of the Lagrange interpolation) and the polynomial co(x) is defined by
where c denotes an arbitrary constant not equal to zero. In this note we prove the following theorem :
THEOREM. In the Lagrange interpolation formula let = cos (2k -1)ir/2n = cos 0// n) , (& = 1, 2, • • • , n), which implies co(x) = r n (x)=cos (n arc cos x)=cos n$ (Tschebycheff polynomial). Then oo(x) (4) |W»>(*)|=, /or a// w a^J k, and furthermore
In this connection Fejér* proved for all n, k, and x, ( -1^x^+1),
Of course (5) implies that inequality (4) is the best possible in the following sense: For any €>0 there exist values of n, k, and x, (-1^x^+1) , such that
[August
Our proof depends upon the Hermite interpolation formula which gives the unique polynomial H(x) of degree In -1 satisfying the conditions
where the y k and y I are given numbers. It is easy to show that*
where (10)
For the Tschebycheff abscissas we have
Fejér proved (6) by aid of the simple inequality v k (n) (x) ^ 1/2.f We also need the following result due to M. RieszrJ
LEMMA. A trigonometric polynomial of degree n -\ assumes the maximum of its absolute value at a point whose distance from any of the roots of this trigonometric polynomial is not less than TT/ [2(n -1) ].
We are now in position to prove the theorem, For n = 1 and n = 2 (sin 7r/4) COS 26 *!<«(*) = 1, \h^( 
COS 0 ~ COS 0/fc (n)
From (13) it follows that h (n) (cos 0) is a trigonometric polynomial of degree n-1. For 2 Sk^kn-1, the roots of /*; (n) (cos 0) in (0, 7r) are
and since 6^-6^ =ir/n, 0i< n > -O = 7r-0 n < n > =TT/2W, \l^ (cos 0)| assumes its maximum between 0^ and 0|+i. Further it is clear that I Zi (n) (cos 0) I and | / n (n) (cos 0) | assume their maxima at 0 = 0 and 0 = x, respectively. Let us consider first Zi (n) (x) and l n {n) (x) . According to the last remark it will be sufficient to find bounds for | /i (n) ( + 1) | and I l n w (-1) I. From (13) From (15) and (16) we obtain (7), that is, the second part of the statement. We now prove that (17) max I #»> (a) I < I U n) (+ 1) |, 2 ^ k g n -1.
By ( In order to prove (18) we show that
(19)
V k^( fi k ) >-; 2 ^ É g » -1.
18
Then (11) ).
Let pk = cos 0, (0 <0 <7r). According to the lemma we have | 0 -di n) \ <w/2n. On account of (12) it is sufficient to prove
In
We can assume that which is equivalent to (20). This completes the proof.
VICTORIA UNIVERSITY AND BUDAPEST, HUNGARY
